A maximum energy approach is investigated in this paper to design fixed wideband beamformer. This approach has been improved by integrating response variation (RV) into the target function to maintain the frequency invariant property of wideband beamformer over the whole passband. Two methods for designing null to suppress interference signal also have been proposed to make the wideband beamformer robust in complicated environment. Comparisons among other methods are provided to illustrate the effectiveness and enhancement of performance of the new approaches.
Introduction
The term beamforming is derived from early spatial filters that were designed for beams in order to receive a signal radiated from a specific location and attenuate others from other locations [1, 2] . Beamforming is widely adopted by signal processing of radar, sonar, communication, seismology, geophysics, and so on [3] [4] [5] [6] [7] .
Wideband beamforming has attracted increasing attentions in recent years because of the advantages of wideband signal such as larger channel capacity. Wideband beamforming can be achieved mainly through two approaches: adaptive wideband beamforming and fixed wideband beamformer. Fixed wideband beamformer directly constrains the response of beamformer, and the beam pattern is constant once set. Three approaches are mainly adopted to design the fixed wideband beamformer: iterative optimization, least square approach, and eigenfilter approach [2] . Eigenfilter approach is efficient because no matrix inversion (least square approach) or iteration (iterative optimization) is required during the optimization.
Eigenfilter is a filter whose coefficients are the elements of an eigenvector. It was first proposed to design digital filters and then extended to the design of beamformer [8] . In [9] , fixed wideband beamformer was achieved by maximizing the ratio of mainlobe's energy to sidelobe's energy through eigenfilter approach. It can also be achieved by minimizing total least squares error between reference response and responses over wide passband, both in near field and in far field [9, 10] .
All the methods above have not discussed the design of null for interference, which is of great importance for beamformer to get a good result in complicated environment with inferences. The width of mainlobe varies over the passband. It will produce distortion if the signal is not coming from the main direction. Response variation (RV) was introduced in [11] [12] [13] [14] to maintain a good frequency invariant property in wideband beamforming.
An improved maximum energy approach is proposed to design fixed wideband beamformer. In this approach, RV is integrated into the target function with a trade-off coefficient, which makes it possible to get a good frequency invariant property and constrain the beamformer's response directly at reference frequency simultaneously. Two methods for null designing are discussed: linear constraint approach and null's expanded energy approach. Both methods are transformed into a standard maximum energy problem and can be solved through a generalized vector approach.
The outline of the paper is as follows.
In Section 1, a brief introduction about the wideband beamforming is made.
In the next section, a TDL (Tapped Delay Line) structure and beam patterns are described. The standard maximum energy problem and generalized vector approach are also discussed in this section.
In Section 3, we will describe the method we proposed with improved target function and simplified constraint. Two methods for designing null are shown as well, both of which can be casted into a standard maximum energy problem.
The methods are tested in Section 4. The results demonstrate the effectiveness of the proposed methods compared with other methods.
Wideband Beamforming through Maximum
Energy Approach
Wideband Beamforming Model with TDL Structure.
A TDL structure is shown in Figure 1 , where there is a linear array that consists of sensors with a order FIR connecting to each of them.
The symbol "△" in the structure represents a TDL unit which produces a delay of , which has been set to sampling time for simplicity.
The output of this TDL structure can be expressed as follows:
where
where w is ×1 weight vector and x( ) is the received signal through TDL structure.
We denote the received signal at the first sensor by 0 ( ). It can be represented as an inverse Fourier transformation within the bandwidth [ , ℎ ]:
Thus, the signal at th and th unit of the TDL structure can be represented as
Hence, (1) can be derived in a new form:
where ( , ) is the response of the beamformer and is expressed as where a( , ) is the steering vector of the TDL structure; that is,
where is the frequency and is the arriving direction of the signal. 0 , 1 , . . . , −1 is the time delay in the array, which can be computed through = × sin( )/ , where = 0, . . . , − 1 and is the speed of light.
For fixed wideband beamformer, ( , ) is only related to the weight vector and steering vector of the array.
Maximum Energy Approach.
Maximum energy approach can provide a closed-form solution to the fixed wideband beamformer and it is computationally efficient because no matrix inversion is involved.
Given a Hermitian matrix R and a positive definite matrix B, generalized Rayleigh ratio is described as w Rw w Bw .
Equation (8) reaches its maximum when w is the generalized eigenvector corresponding to the maximum generalized eigenvalue of matrix pair R and B, Rw = max Bw, and reaches its minimum when w is the generalized eigenvector corresponding to the minimum generalized eigenvalue of matrix pair R and B, Rw = min Bw. According to the property of (8), the design of fixed wideband beamformer can be implemented by maximizing the Rayleigh ratio of beamformer's energy on angle range of interest to the energy over the whole direction area on the passband. For simplification, the angle range of interest is referred to as mainlobe in the paper, and the angle range that is not of interest is referred to as sidelobe. Hence,
In (9), the numerator is the energy of the beamformer on mainlobe Θ ML on passband Ω PB and the denominator represents the beamformer's energy over the whole angle region Θ on Ω PB .
A variation of (9) is achieved by replacing the beamformer's energy over whole direction area with the energy only on sidelobe:
which is equivalent to
Maximum energy approach does not guarantee a smooth constant response over different frequencies [2] . Linear constraints C w = f can be added to get a smooth response at mainlobe by directly constraining the response of the beamformer over different frequencies [2] . C is × constraint matrix and f is the × 1 response vector. Thus, (11) becomes max w w A ML w w A SL w subject to C w = f.
Equation (13) can be transformed into another form:
whereŵ
It is shown in the constraint of (14) thatŵ locates in the null space ofĈ. Equation (14) can be transformed into a standard maximum energy problem by introducing a matrix Z whose columns are the bases of the null space ofĈ and it satisfiesŵ = Zw. Hence,
Equation (16) is a standard maximum energy problem and can be solved through generalized vector approach. As we can see in the first equation in (15) , the first elements ofŵ can be regarded as w only when the last element ofŵ has been scaled to −1. In [11] [12] [13] [14] 16 ], a general form of RV is defined:
Improved Maximum Energy Approach
where Θ represents the range of angles RV measured. The introduction of RV factor makes it possible to constrain response directly on the reference frequency. The energy of mainlobe and sidelobe also can be simplified as follows:
Equation (19) constrains the response of beamformer at looking direction without distortion. Equation ( 
where is a positive trade-off coefficient, usually larger than 1, affecting the frequency invariant (FI) property. The beamformer will achieve better FI property with larger . However, if the value of is too large, the whole beam patterns will be degraded. 
Similarly, (23) can be transformed into a new standard maximum energy problem:
Equation (25) reaches its maximum whenw is the generalized eigenvector corresponding to the largest generalized eigenvalue of matrix pair ZÂ ML Z and ZÂ SR Z.
Design of Null Point

Design of Null with Linear Constraint on Null's Response.
Null can be generated by directly imposing a constraint at interference angle at reference frequency :
where is a small positive value, usually smaller than 1, of the response at null point. Null's response in decibels can be computed through −20 lg dB. 
And (28) changes into an unconstrained form by introducing a matrix Z which satisfiesŵ = Zw:
Equation (30) is a standard maximum energy problem and reaches its maximum whenw is the generalized eigenvector corresponding to the largest generalized eigenvalue of matrix pair ZÂ MLr Z and ZÂ SRr Z.
Design of Null with Expanded Null's Energy. Null's energy at reference frequency is defined as
Null is designed for interference, which usually locates in sidelobe: Θ NL ⊂ Θ SL .
Then, (22) 
where is the expansion coefficient which is also a large positive value used to expand null's energy in target function. Commonly, null is lower with larger . The value of is related to the actual beamformer, usually bigger than 1000 for a null low enough.
Thus, (32) can be transformed into a new form like (14) : 
Similarly, (33) can be transformed into a standard maximum energy problem:
Equation (35) reaches its maximum whenw is the generalized eigenvector corresponding to the largest generalized eigenvalue of matrix pair ZÂ MLr Z and ZÂ SRNr Z.
Performance Analysis
In this section, we will test and analyze the performance of the methods proposed. The relative coefficients will be discussed as well.
Experiment 1.
The simulations are performed based on the specifications as follows:
(i) A TDL structure with = 14 and = 20 is adopted during the simulation.
(ii) Half of the sampling frequency has been scaled to and has been sampled to 64 narrow bands; the wide passband is set as Ω PB = [0. 5 , ] , and the reference frequency is set as = 0.7 .
(iii) Space between elements is half of the wavelength corresponding to the highest frequency of passband.
(iv) Desired signal is coming from 0 ∘ , the interference signal comes from 50 ∘ , and null is set to be [48 (vii) To get a real-value w, all the matrices during the computation are the real part of the original matrices.
Beamformer's responses through the 2 proposed methods are shown in Figures 2 and 3 , respectively.
Good beam patterns have been achieved with distortionless mainlobes point at 0 ∘ and nulls reach −80 dB or lower. To illustrate the effectiveness of the proposed methods described in (27) and (32), we compare them with the method from [2, 15] . In [15] , the design of wideband beamformer was achieved through convex optimization. The weighting function in [15] has been set as ( , ) = 1, = 1 × 10 −6 , = 10 −4 . We test these methods versus width of mainlobe over passband, RV value of mainlobe, peak sidelobe level (SLL) of the beam patterns averaged over passband, and suppression values of null point.
The results are shown in Table 1 . The nulls generated by these four methods are constrained to −80 dB, which is very good suppression for interference signal. It can be seen in Table 1 with RV taken into consideration during the design of fixed wideband beamformer that both the proposed methods and the method in [15] achieved constant beam width and smaller RV; however, the values through the proposed methods are smaller. The SLL produced by the proposed methods are more than 10 dB lower than those from the method in [2, 15] , indicating better suppression over the sidelobe region. In order to investigate how the RV and SLL change with different , more simulations have been implemented and the results are shown in Table 2 (all the specifications stay the same except for ).
As we mentioned previously, larger provide a small RV (better frequency invariant property), but, at the same time, SLL gets higher. One conclusion can be drawn from Table 2 : RV will not keep decreasing with the increasing of (method 2; RV with = 1000 is larger than that with = 500). A good beam pattern should be a balance between the RV and SLL with an appropriate .
Experiment 2.
Wideband beamformer's performance decreases while the passband gets wider [2] . Wider passband is discussed in this part to test the effectiveness of the proposed methods. The specifications are described as follows:
(i) A TDL structure with = 12 and = 12 is adopted during the simulation.
(ii) Half of the sampling frequency has been scaled to and has been sampled to 64 narrow bands; the wide passband is set as Ω PB = [0. 3 , ] , and the reference frequency is set as = 0.6 .
(iv) Desired signal is coming from 10 ∘ , the interference signal comes from −40 ∘ , and null is set to be (vii) To get a real-value w, all the matrices during the computation are the real part of the original matrices. ∘ as desired. All realized nulls are −60 dB or less. Similarly, the proposed methods are compared with the methods from [2, 15] . The weighting function in [15] has been set as ( , ) = 1, = 1×10 −5 , = 10 −3 . The results are shown in Table 3 .
All the nulls reach −60 dB. The performances of four methods decrease when we compare Table 3 with Table 1 , due to the wider passband. But the results through the proposed methods are still better than the rest. The mainlobes remain constant over the whole passband, the SLL are more than 8 dB lower than other methods, and RV through our methods is smaller.
More simulations have been implemented to investigate and the results are shown in Table 4 .
Similar to the previous discussion, RV decreases with the increasing of which also causes an increase in SLL (not strictly satisfied in method 2). A good choice of should take both RV and SLL into consideration. One conclusion can be drawn from Table 4 : for a wider passband, using the second method can achieve better beam patterns (smaller RV and lower SLL).
Conclusion
In this paper, a fixed wideband beamformer designing method based on maximum energy approach and RV has been proposed and investigated, as well as two methods to design null for interferences. Simulations show that good frequency invariant property in mainlobes and stable nulls for interference signal can be achieved through the proposed methods and the sidelobe suppression with the proposed methods is also lower.
